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1. Introduction 



In past few months P. Hofava formulated new interesting theories with anisotropic scaling 
between time and spatial dimensions in series of papers [||, ||, |3|, |^ ^ . This phenomenon is 



well known from the study of condensed matter systems at quantum criticality |35]. The 
similar systems have been investigated from the point of view of non-relativistic form of 

, H, n, |o|, n, n, n, 0, n, n, n, n, 



AdS/CFT correspondence |36 



51, 52 



53, 54 



H, m, |o|, [e^, |2 



, |6^, |65|, |66|, |67[ ^ 

The construction of the theories with anisotropic scaling is based on the following 
question: Is it possible to find a p + 1 dimensional quantum theory such that its ground 
state wave functional reproduces the partition function of p dimensional theory? 

One particular example of such p dimensional theories was studied in our previous 



paper 1 34 ] where we constructed new non-relativistic p + 1 dimensional theories from the 
Nambu-Gotto action for p-branes in general background. The goal of this paper is to im- 
plement similar ideas to the case when p dimensional system is either stable or unstable 
D(p-l)-brane action. We also presume that this action is embedded in general background 
with non-trivial dilaton, gravity and NSNS two-form field. As in case of p-brane theory we 
should stress that this p dimensional action is highly non-linear with all well known conse- 
quences for the renormazibility and quantum analysis of given action. Further, even if we 
consider Dp-brane actions that are well known from superstring theories we do not address 
the question how these new theories can be realized in superstring ones. In particular, 



'^For recent study of cosmological aspects and further conceptual issues of these theories, see |^ ^, ^, ^, 
|, 0, ^ 0, 0, 0, |l8[ 1^, H, §, |24[ §, ||, §, H, g, |30[ |], H, ||. 

^For another approach to the study of non-relativistic systems in string theory,see for example E^, 
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we do not worry about relation between dimensions of Dp-branes and their realizations in 
either II A or type IIB theories. 

Even if we leave the question of explicit realization of these theories in the framework 
of string theory open we mean that these new theories are interesting in own sense. These 
p + 1 dimensional theories are invariant under spatial diffeomorphism and spatial gauge 
transformations as well under global time translation. Then following Q we show that these 
symmetries can be extended to the space-time diffeomorphism that respect the preferred 
codimension-one foliation of p + 1 dimensional space-time by the slices at fixed time known 
as foliation-preserving diffeomorphism. Note that these transformations consist a space- 
time dependent spatial diffeomorphism together with time-dependent reparameterization 
of time. Further, we also extend the spatial dependent gauge transformations to the space- 
time dependent ones. Then in order to achieve of the invariance of p + 1 dimensional action 
under these symmetries we introduce gauge fields A^' and N to maintain its invariance 
under foliation preserving diffeomorphism and At to maintain gauge invariance. As in case 
of non-critical p-brane theory |34| these new gauge fields will be crucial for the correct 
Hamiltonian formulation of the theory as the theory of constraint systems and we show 
that the Hamiltonian can be expressed as a linear combination of constraints. 

We also address the question of the tachyon condensation on the world-volume of 
p + 1 dimensional theory. We show that this theory has a natural spatial dependent 
solution known as a tachyon kink and we argue that the resulting codimension one defect 
corresponds to stable D(p-l)-brane at criticality. 

The organization of this paper is as follows. In the next section we formulate the 
non-critical p + 1 dimensional theories that obey detailed balance condition in the sense 
that their potential term is proportional to the variation of D(p-l)-brane action. In section 
^ we generalize the gauge symmetries of this p + 1 dimensional theory when we extend 
rigid time translation and spatial diffeomorphism to the foliation-preserving diffeomorphism 
and spatial dependent gauge symmetry to the space-time dependent one. In section @ 
we develop the Hamiltonian formalism for given theory and we calculate the algebra of 
constraints. In section (|5|) we study the tachyon condensation on the world- volume ofp + 1 
dimensional Dp-brane that contains tachyon and we argue that it leads to the emergence of 
stable p dimensional D(p-l)-brane theory at criticality. Finally in section (??) we outline 
our results and suggest possible extension of this work. 



2. Stable and Unstable D-branes at Criticality 

In this section we formulate p + 1 dimensional Dp-brane theories that obey detailed balance 
conditions. We closely follow |34|. 

Let us consider Euclidean DBI action for unstable D(p-l)-brane that is embedded in 
general 10-dimensional background 

W = rp_i j dPxe-*F(r)VdetA , 
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Tij = diAj - djA, - {2^^a')-^bMN^^Y^'^jY^ , 

(2.1) 

where Tp_i = ^ is an unstable D(p-l)-brane tension, x = (x^, . . . , x^) are the world- 

volume coordinates, Y'^^ , M, N = 1, . . . , 10 are world- volume scalars that parameterize the 
embedding of the D(p-l)-brane in target space-time. Further, T is world-volume tachyon 
mode with the potential V(T) that is even function of T with the property 

V{T ±oo) = , y(0) = 1 . (2.2) 

Finally, Ai is a world- volume gauge field and qmn, buN and ^ are background metric, NS- 
NS two-form and dilaton respectively. Note that the stable D(p-l)-brane can be derived 
from ( |2.lD be striping the tachyon contribution {V{T) = 1 , T = 0) and replacing rp_i with 
Tp-i = -^rp_i. For simplicity we consider the background with zero Ramond-Ramond 
fields even if the analysis can be easily generalized to this case as well. 

Let us now discuss symmetries of the action (2J.). By construction this action is 
invariant under world-volume diffeomorphism: 

x"' = x'*(x) (2.3) 

under which the world-volume fields transform as 

r^^(x') = y*^(x) , r'(x') = r(x) , a,(x') = A'ji^){D-y, , 

(2.4) 

where we introduced px p matrix Dj = that is generally function of x. Then it is easy 
to show that Gij and Bij defined as 

Gi,-(x) = 5M^(y(x))a,y^'^(x)9,y^(x) , i?,,(x) = bMN{Y{^})diY'H^)djY''{^) (2.5) 

together with Fij = diAj — djAi transform under ( p.3P as 

G^(x') = Gui^){D-')HD-'y^ , 
i?^(x') = B,i{^)iD'')f{D-y^ , 
= Tui{^){D-'t{D-^)\ 

(2.6) 



and consequently 



Vdet A'(x') = ^-^y^det A(x) . (2.7) 



Then using the fact that the element dP:x. transforms as dP'x! = \ det D\dP-K under ( p.3| ) we 
find that 



dPxVdetA'(x') = x Vdet A(x) . (2. 
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It can be also easily shown that the action ( |2.lD is invariant under local gauge transforma- 
tions: 



A:(x) = ^,(x) + a,/(x) , y'^^(x) 



y^(x) 



(2.9) 



Now we are ready to construct p + 1 dimensional theory. The starting point is the presump- 
tion that configuration space of p -|- 1 dimensional theory is spanned by y^'^(x),r(x) and 
Ai (x) . In other words the states of this theory in Schrodinger representation are functionals 
of y^(x), r(x) and ^i(x). Explicitly, we presume that the dimensional quantum the- 
ory contains the operators r(x), y^^(x) and Aj(x) together with their conjugate momenta 
nr(x),nM(x) and 11* (x) with standard commutation relations 



y^^(x),njv(y) 
r(x),nT(y) 
i.(x),n^'(y)' 



<<5(x-y) , 
i5(x - y) , 
i6l5{x - y) . 



(2.10) 



Further, the eigenstate of the operators y^(x), T'(x) and j4j(x) is the state |y(x), T(x), ^(x)) 
defined as 

y*^(x)|y(x),r(x),yi(x)) = y*^(x) |y(x),r(x),^(x)) , 
f(x)|y(x),r(x),^(x)) =r(x)|y(x),r(x),^(x)) , 
i,(x)|y(x),r(x),^(x)) = A,(x)|y(x),T(x),A(x)) . 

(2.11) 

In the Schrodinger representation the state |\E') of the system is represented by wave func- 
tional ^'[y(x), T(x), A(x)] and the action of the operators y^(x),T'(x) and ^i(x) on this 
state is represented by multiplication with y*^(x),T(x) and >lj(x) respectively. Then the 
commutation relations ( 2.1C| ) suggest that the momentum operators have following func- 
tional form in the Schrodinger representation: 



nM(x) 



'5y^(x) 



nr(x) 



<5T(x) 



ff(x) 



M,;(x) 



(2.12) 



As the next step in the construction of p -|- 1 dimensional quantum theory we determine 
corresponding Hamiltonian. This construction is based on two presumptions. The first one 
is an existence of the wave functional ^\Y{x),T{x.),A{x)] that has the form 

*[y(x), r(x), A(x)] = exp(-T^) , (2.13) 

where W is defined in The second one is the definition of the operators (5m(x), (5r(x), Q*(x) 

1 6W 



Qm{x.) = -iUM{x) + 



(jyA^ (x) 
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Qt(x) = -iUT{^) + l-^^ 



2 ,^r(x) 



1 6W 
QXx) = -iff (x) + - 



2M,(x) 

(2.14) 

Then we finally presume that the quantum mechanical Hamiltonian density of p + 1 di- 
mensional theory takes the form 

n = YiQMG^'^QN + QtG^^Qt + Q%Q') , 

(2.15) 

where k is the coupling constant, and where Q^"^^ ^Q'^'^ and Q^^ that generally depend on 
of ,T,Ai will be defined bellow when we will discuss the classical Lagrangian form of 
the theory. Note that in the Schrodinger representation the operators defined in ( 2.14| ) 
take the form 

A 6 1 6W 

QmW - jyA/(x) + 2 5y^^(x) ' 
Qt(x) = ^7^^ + 



5T(x) 2 5T(x) 
Qi^) = TTTTTT + o 



Mi(x) 2Mi(x) 

(2.16) 

and it is clear that these operators annihilate the wave functional ^'[y(x), yl(x), T(x)] = 
exp{—W) and consequently this state is eigenstate of the Hamiltonian with zero energy. 
However it is crucial that this is only formal construction. For example, we do not discuss 
the issue whether this state is normalizable. We should rather consider this construction 
as the motivation for the particular form of the quantum Hamiltonian density ( p. 15 ) that 
implies corresponding form of the classical Hamiltonian density. In fact, in what follows we 
restrict to the classical description when we replace operators with their classical analogues. 
At the classical level we also specify the form of the matrices Q that appear in i^JEj) and 
we suggest that they have the form 



■•MN 



gTT 



rp_ie-*T/(r)^/detA 
1 

rp_ie-*y(T)VdetA 



27ra'rp_ie-*y(r) Vdet A ' 



(2.17) 



where we defined symmetric and anti-symmetric part of the matrix Ajj as 

1 A I 

2 



^ij ~ r){^ij + Ajj) , Ajj — Kji) . (2-18) 
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Let us say few comments that explain our choice of the matrices ( 2.17| ). First of all it was 
shown in |80| that the natural open string metric on the world- volume of Dp-brane is given 



by combination Gij+Tij. Further, it was also argued in many papers |81, 82, 84, 85, 
^ that the tachyon kinetic term should appear in the linear combination with Gij and Fij. 
These arguments explain our choice of A^-. Note also that presence of the factor Tp^iViT) 
in ( |2.17 ) is dictated by requirement that the Lagrangian of non-relativistic p+\ dimensional 
theory contains an overall factor Tp-iV{T) that is crucial for the correct interpretation of 
the tachyon kink on the world- volume of p+1 dimensional theory. Finally, since we want the 
Lagrangian density with the factor e~'^ we had to include the factor e*^ into the definition 
of the Hamiltonian density. In summary, we argue that the classical Hamiltonian density 
takes the form 

n = - ^^^M(x) + -^^J r,_,e-^(x)y(T)VdetA(x) T^^^^") + 2^^)) ^ 

+ y (^n-W + 2^J .,_,e-^(x)y(T)VdetA(x) (-^"^^"^ + 2^J + 
A-TTi/„N ,^5W\ (A^),,(x) ( , 1 5W 



2 V 2 5Ai{x)J 27ra'rp_ie-'^Wy(r)v^detA(x) V 2Mj(x), 

(2.19) 

Now we determine corresponding Lagrangian density. Using the equation of motion for 
Y^^,T,Ai we find 

dtAi^) = {A{^),H} = ^^k^)^ff (x) 



27ra'rp_ 1 W F (T) \/detA 



(2.20) 



and hence the Lagrangian density takes the form 

C = dtY^^HM + dtTUr + dtAiU' -n = CK + Cp , 

Ck = V(r) VditA-i^9iy^^9Afiv5ty^ + 

2k^ lira 

= ^e-V(r)^/di^a,mT+ ^^^^;^-^ e-'^y(r)^/d^aMi {A-y^Aj , 



Cp = _^_|zie-'^y(r)^/ditA[2WjAf/''^Jiv + JTJT + (2W)-ij^Af^.7^] , 

(2.21) 

where we defined , and J"'^ as 



_5W_ 



V 27rQ 



^For review and extensive list of references, see [s^ ]. 
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rp_ie-'^y(r) Vdet AJr(x) , 



6W A , 

rp_ie-V(r)\/ditA 



^yA^ (x 



5Af[e-*] , 1 



e-^T^(r)VdetA 
1 



di[e-'l'V{T)gMNdjY'' (A-i)J ^/ditA] + 



27ra' 



rp_ie-'^F(r) Vdet AJAf(x) 
rp_ie-'^y(r)VdetA x 



9j[e-'^l/(r) (A-i)'^ ^/ditA] 



e-^y(r)\/detA 
= rp_ie-'^y(r)VdetAJ^(x) 



that transform under spatial diffeomorphism (|2.3| ) as 
Using these results we consequently find 



(2.22) 



(2.23) 



that implies that the action S = J dtdPxC is invariant under spatial diffeomorphism (p.3|). 
Further, it can be also easily shown that the action is invariant under global time translation 

t' = t + 5t , 5t = const , (2.25) 

where the world-volume modes transform as 

Y'^'{t',^) = Y^'{t,^) , T'(t',x) =T(t,x) , A',(t',x) = ^,(t,x) . (2.26) 

Finally we determine scaling dimension of world- volume modes and coupling constants ^. 
To do this let us presume following scaling 

x'i = X-^x' , t' = X-H , 
y'A'^(x') = A-iF(x) , r'(x') = r(x) , 4(x') = A^,(x) , 

(2.27) 



(a')' = X-^a' , t' = A%_i , k = A^k , 



where A is constant scaling parameter. Let us say few words about this scaling. First of 
all it is natural to presume that x have standard scaling dimension [x] = —1. Then the 



*Since we consider the classical theory only these dimensions are classical "engineering" dimensions. 
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anisotropic nature of the theory is reflected by the scaling dimension of t that generally is 
different from x's. Further, since Y^^s describe the embedding of the D(p-l)-brane into 
the target space-time it is again natural to presume that it scales as in (|2.27| ). In other 
words y^^'s have the same dimensions as in D-brane theory. Then we can also demand 



T and Ai have the standard scaling dimensions as in D-brane theory (2.27). Finally the 
scaling dimension of a' and Tp_i is obvious as it follows from their string theory definition. 
Let us now discuss the consequence of the scaling ( |2.27 ). First of all it implies that 



A^(x')=A,,(x) 



(2.28) 



and hence we find that W is invariant under scaling while the currents scale as 



(2.29) 



As a consequence we find that the Lagrangian densities ( 2.21| ) scale as 

£'p(x') = AP+2M£p(x) , 
£'^(x') = A*'-2M+2^£p(x) . 



(2.30) 



Then the requirement of the invariance of the action implies the relation between dimension 
of K and z 

M = ^ • (2.31) 



However it is clear from the form of the Lagrangian density (2.21) that the effective coupling 
constant is 

that is dimensionless for 

2[k]-p = (2.33) 



that using (2.31) implies the famous relation between scaling dimension of z and dimension 
of the theory 

z-p = 0. (2.34) 

However we should stress that the theory still contain dimensionfull coupling Tp. On the 
other hand the scaling dimensions of coupling constants are important at the quantum 
analysis of the theory while our treatment is pure classical. 



3. Extension of the symmetries 

In this section we extend the symmetries of the non-relativistic action introduced above. 
Recall that this action is invariant under global time translations ( 2.25 ) and under local 
spatial diffeomorphism ([2.31) . Further, the action is also invariant under spatial dependent 
gauge transformation with parameter e(x). Following the logic given in we would like 
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to extend this spatial diffeomorphism and rigid time translation to the foliation preserving 
diffeomorphism defined as 

5t = t' -t = fit) , 5x' = x'' -x' = C(x, t) . (3.1) 

Note that under these transformations the modes y^^,r transform as 

dt'Y'^H^',t') = dtY^H^,t) - dtY^{^,t)f{t) - diY^\^,t)dtC{^,t) , 

dt'T'{^',t') = dtT{^,t) - dtT{^,t)f - diT{^,t)dtC{^,t) , 



d^uY'^^{x.',t') = diY^\^,t) -djY^^{^,t)diC^{^,t) 

9,„T'^(x',0 = diT{x,t) - d,T{^,t)diCHx,t) , 



(3.2) 



where / = Before we proceed to the determination of the transformation rules for 
Ai we extend the spatial dependent gauge symmetry with parameter e(x) to the gauge 
symmetry that is time dependent as well so that 

4(x, t) = Ai(x, t) + 9ie(x, t) . (3.3) 

However then the requirement of the invariance of the action under time dependent gauge 
transformation implies that we have to introduce the gauge field At{t,x.) that under gauge 
transformation transforms as 

A^i^,t) = At{x,t)+dte{^,t). (3.4) 
Using this gauge field we replace dtAi with the object Ei defined as 

^i(x, t) = dtAi^, t) - diAti^, t) (3.5) 



that is invariant under the time dependent gauge transformations ( |3.3| ) and (3.4). As the 
next step we determine how the vectors Ai['K.,t), At{ii.,t) transform under (3J). Obviously 
it is natural to demand that they transform as vectors 

A[{^,t) = A,(x,t)-A,(x,t)a,C^'(x,t) , 
A;(x',t') = At{^,t)-At{^,t)f{t)-A,{^,t)dtC'{^,t) 



(3.6) 



and consequently 

4(x',t') = Fi,(x,t) - F,fc(x,f)5jC'(x,t) - 5,C'(x,t)Ffc,(x,t) . 

Then using (^) and (|3.7D we easily find that 



(3.7) 



(iPxVdetA'(x',t') = (F^^/deiA{-K,t) . (3.8) 
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Further, using ( ^.61) we determine the transformation property of Ei 



(3.9) 



Alternatively, we can determine the transformation rules of Ai,At from the relativistic 
transformation law for p + 1 dimensional vector Ai,AQ, following the analysis performed 
in Explicitly, let us consider covariant p + 1 dimensional vector A^ = {Ai,Ao) with 
corresponding field strength F^^^ 

Fij = diAj - djAi , Fo, = doAi - diAo , (3.10) 

where = ct. Since it is a covariant object it transforms under general diffeomorphism as 

F;,(x',cO=i^.p(x,ct)^^. 

(3.11) 



It is a simple task to show that (3.11) imply the transformation rules for Fij given (p.7|). 
In order to determine the transformation of Ei note that we can write F^i as 

Foi = doAi - diAo = -dtAi - -d^At = -Fu , (3.12) 
c c c 

where due to the fact that = ct we replaced Aq with = ^At holding At fixed in the 
limit c ^ oo. Then it is easy to see that when we take = 0,^ = i in ( 3.11 ) and consider 
the limit c — > oo we find 

F^,(x',tO = -i^,(x',t') = 
c 

= -Fti{x,t) - -Ftj{x,t)diCH^,t) - -Fui^,t)f{t) - -F,i(x,t)C^(x,f) 
c c c c 

(3.13) 

that reproduces (|3.9|) . 

As we argued above the invariant spatial volume element is d^xV det A. It is also easy 
to see that under folliation preserving diffeomorphism the matrix (A^^) transforms as 

{A-'f' (x',t') = A^^(x,t) + diCi^,t) {A-'Y' (x,t) + {A-'f (x,t)a;C^(x,t) 

(3.14) 

and hence its symmetric form transforms in the same way as spatial components of p + 1 
dimensional metric. On the other hand in order to have kinetic part of the Lagrangian 
invariant under foliation preserving diffeomorphism we have to introduce two gauge fields 
N{x,t) and A^*(t) that transform under (3.1) as 



N'{t') = N{t) - Nit)f 

(3.15) 
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and replace dtY , dfT and Ei with 

1 



dtT ^ -{dtT-N'diT) = VtT , 



1 

N 
1 

N 



{Ei - N'^Fk,) = VtAi . 



(3.16) 



Then using 



D and ( p^ we find that 

VeY'^{^',t') = VtY''{^,t)-V,Y^'{^,t)d,C'{^,t) , 
Vt>T'{x',t') = VtT{^,t) - P,T(x,t)a,C^(x,t) , 
Vt>A'i{^',t') =VtM^,t) -VtA,{^,t)die{^,t) . 



(3.17) 



If we also take into account the fact that N'{t')dt' = Ndt we obtain that the action for non- 
relativistic p + 1-brane theory that is invariant under foliation preserving diffeomorphism 
takes the form 

S = I dtdP^NC , (3.18) 

where 
£ = Ck + Cp , 



Hp 



2k? 



e-*y(r)VdetA 



27ra' 



-VtY'^QMNVtY^ + VtTVtT + 27ra'VtAi {A-^^ VtAj 



e-<^1/(r) Vdet A[27ra' Jm/^^ Jjv + JtJt + {^-ko!)-^ T K%J^\ . 



(3.19) 



In the next section we determine the Hamiltonian formalism that follows from the La- 
grangian density ( 3.19| ). 



4. Hamiltonian analysis 

To begin with we introduce the momenta IIa/ , IIt, H*, II'', vTi, tttv that are conjugate to 
y*^, Ai,T, At and N\ N and that have following non-zero Poisson brackets 

{y^^(x),n^(y)} = 5^^'5{^-y) , {r(x), nT(y)} = <^(x - y) , 
{A,(x),n^(y)} = 5l5{^-y) , {^o(x), nO(y)} = 5(x - y) , 
{iV^(x),^^.(y)} = 6'j6{^-y) , {N,'Kn} = 1 . 

(4.1) 



First of all since the Lagrangian density ( 3.19 ) does not contain time derivative of N'',N 
and ^0 the conjugate momenta form a primary constraints of the theory 

7ri(x) « , TTN^O , nO(x) « . (4.2) 
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Further, the momenta conjugate to Ym,T and Ai takes the form 
PA/(t,x) = -p!zl_e~^V{T)Vd^gMNVtY^ 



PT(t,x) = -p^e~^V{T)Vd^VtT , 

n,(t,x) = ^!I^^e-<^y(r)^/ditA(A-i)|pMi 



Then it is simple task to find corresponding Hamiltonian density from ( |3.19| ) 
n = dtY^^^IlM + dtTIiT + dtAill' - £ = 

,^2 



(4.3) 



N 



2Tp„ie-'?^y(r)Vdet A 



o 

= iVTo + N'Ti + 9i Aotf . 

(4.4) 

The primary constraints ( [4. 21) have to be preserved during the time evolution of the system. 
In other words we require 

5t7r,(x) = {7r(x),//} «0 , ^tvr^v = {vr, i/} , ^^^(x) = (n^x), if} « . (4.5) 



Then using the canonical Poisson brackets and the form of the Hamiltonian density (^ 
we obtain that the theory should be supplemented with secondary constrains in the form 



T = y dPxro(x) « , r,(x) « . 



(4.6) 



and finally the consistency of the constraint II'' « with its time evolution implies the 
constraint 

G(x) = a^n^x) = . (4.7) 

On the other hand it turns out that instead to impose the constraint T ~ it is much 
more convenient to introduce equivalent set of constraints Q using the fact that Tq can be 
written as 



Tn = — 



Q 



27ra g 



t 

^ Tp-ie-'^V{T)Vd^ 



Qn+ 



2-Ka' 



rp_ie-<^y(T)\/ditA 



Qr + Qi 



(A-) 



1V3 

s 



27rQ'Tp_ie-<^y(T)\/det A 



(4.8) 
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where 

Tp-l 



Qm = -iHM + -^e-^V{T)VdetAJ, 



M 



Qt = -illT + ^e-'*'V{T)VdetAJT , 



Q' = -iff + ^e-^V{T)Vd^J' . 



(4.9) 



(4.10) 



Let us now introduce the smeared form of the constraints defined as 

T(c) = I dPxC(x)r,(x) , 

Qy(Ay) = J dPxA^(x)QM(x) , Qr(AT) = J dfxAr(x)QT(x) , 
G(e) = J d^'xe(x)G(x) , Qa(A^) = J d^xAf (x)Q^(x) 

and determine their algebra. First of ah we find 

{G(6),^,(x)} = 5,e(x) , 
{G(e),F,,(x)} = 0. 

(4.11) 

Then using the fact that J^'s and A are invariant under gauge transformations we find that 

{G(e),Q(A)} = 0, {G(6),T(C)} = 0. 

(4.12) 

Further, it is straightforward exercise to determine the Poisson brackets of T(C) with T(^) 
{T(C),T(0} = T{C'd,e - eOjC) + G{-2CFike) . 

(4.13) 

Let us now consider the Poisson brackets that contain Q's. It can be easily shown, following 
1 34] that the Poisson brackets of two Q's vanish 

{QM{^),QN{y)} = {QM(x),QT(y)} = {gM(x),Q'(y)} = , 
{Qr(x),gT(y)} = {Qt(x),Q'(x)} = {Q*(x), Q^(y)} = . 

(4.14) 

In order to determine the Poisson bracket between T{C) and Qm, Qt we again follow |Q 
and we find 

{T(C),QAf(x)} = -aiQM(x)C(x) - QM(x)a,C(x) 

(4.15) 
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and 

{t(c),Qt(x)} = -a,QT(x)C(x) - QT(x)a,c(x) . 



(4.16) 



On the other hand the calculation of the Poisson bracket between T(C) and (5*(x) is more 
involved however after some effort we find 

{T(C),Q*(x)} = -4C'(x)Q*(x) -C'=(x)5fcQ*(x) +4C(x)g'(x) + C(x)G(x) . 

(4.17) 

Then finally using these results we find that the smeared form of these Poisson bracket 
takes the form 

{T(C),Qy(Ay)} = = Qy(5,AyO , 
{T(C),Qt(At)} = Qt(5.AtO , 

{t(c),Qa(a^)} = G{^tC) + ClA{^k^tC^ + ^t^^C'') ■ 

(4.18) 

These results imply that the requirement that the set of constraints T,Qy,Qr,QA and 
vTj, tttv, n'^ is preserved during the time evolution of the system does not generate additional 
ones. More precisely, note that the total Hamiltonian Ht can be written as the sum of 
smeared constraints defined in ( |4.10| ) 



Ht = J (P^Ht 

~ ~2 (^^ Tp_ie-^V{T)Vd^ J ■ y rp_ie-<^y(T)^/d^ 
r„_i27ra'e-<^F\/det A 



+Qa N -^f--/^== + T(iV^) + G(-^o) 



(4.19) 



where the expression in the parenthesis are parameters of corresponding constraints. Then 
using the form of the algebra of constraints written above we find that their time evolution 
vanish on constraint surface and consequently these constraints do not generate additional 
ones. In other words the full set of constraints of the theory is 

7ri(x) , VTAT , n°(x), 

T(C) , Qy(Ay) , QT(Ar) , Qa(A^) , G(e) . 

(4.20) 



Then in the same way as in |34] we can formally proceed to the quantum formulation of the 

theory where we replace constraint functions by corresponding operators T(C), Qy (Ay ), Qr(AT), Qyi(A^) 

and G(e). Further we can introduce the wave functional 

^'[y(x), ^(x), r(x)] = exp {-W) (4.21) 
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that is clearly annihilated by all constraints functions and at the same time it is a state of 
the Hamiltonian Ht with zero eigenvalue. However since we are interested in the classical 
form of the theory we are not going to proceed in this direction further. 



5. Tachyon condensation 

In this section we will study the spatial dependent tachyon condensation on an unstable 
non-relativistic Dp-brane with the Lagrangian density given in ( |3.19D . Our goal is to show 
that the tachyon condensation in the form of kink leads to D(p-l)-brane exactly in the 
same way as in superstring theory |86, 38 1. However due to the complexity of the non- 
relativistic Lagrangian density ( p. 19 ) we restrict ourselves to the case of flat background 
where qmn = hiN , e* = e"^" = 1 , huN = 0. 

To begin with note that Lagrangian density for stable non-relativistic D(p-l)-brane 
takes the form 

S= dtdP-^^NC'^ , (5.1) 



where 



£st /^St I /^st 

— '-K "T '-P 5 

St _ Tp-2 



47ra 



(5.2) 



where Y , M, N = 1, . . . , 10 are modes that parameterize transverse positions of D(p-l)- 
brane, Aa are gauge fields living on its world volume where the world-volume of D(p-l)- 
brane is parameterized with coordinates ,a, j3 = 1, . . . ,p— 1. Further, VtY'^^ jVtAa, J^y 
and J'a are defined as 

JAf(x) = -j^d^[dpYM{a-%''Vd^] 

vdeta 
27ra' 



J"(x) = ^=a^[(a-i)7^/dit 



a 



V det i 

(5.3) 



where 



a„/3 = daY^^dpYM + 2TTa'F^f3 . (5.4) 

Let us again consider the action for non-relativistic unstable Dp-brane ( |3.19| ) and analyze 
corresponding equation of motion. Again, for simplicity we consider the equation of motion 
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for the tachyon only and argue the this equation of motion has the solution in the form of 
the tachyon kink |86| 

T = f{ax) , £ = f'{u) > , Mu, /(±oo) = ±00 , 

rM 



Y'"' = Ai = Q , N = const , A^* = , 



(5.5) 



where a is a parameter that should be taken to infinity in the end. As the first step we 
determine the equation of motion for N 



Tp-l 

2^2 



V{T)VdetA 



1 



lira' 



jVtY^'VtYM + VtTVtT + 27ra'VtAi (A"^)^^ VtAj 



+ 



+ 



y(T)VdetA [2Tra'jMJ^^ + JtJt + {2TTa')-^J'AfjJ^] = 



(5.6) 



while the equation of motion for implies 



Tp-l 

2k2 



y(r)VdetA 



1 



jdiY^VtYM + d^TVtT + 2TTa'Fik {^'^t^ ^tA 



27ra' 



. 



(5.7) 



Now we see that (|5.5|) solves the equation (|5.7D while for VtT = the equation ( ^.61) reduces 
into 



^y(T)Vdet AJtJt = 



(5. 



We will argue below that the ansatz (^) solves the equation (|5.8|) as well. In fact, let us 
now analyze the equation of motion for tachyon 



1 



WVdetA ( -—jVtY^^VtYM + VtTVtT + P^i [A-^^ VtA, 
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+ 



2t\ olTp^X 



NVd.T {A~% ^detA l^^VtY^'VtYM + VtTVtT + VtAi [A'^^ VtA, 
dk[NV{T)Vd^VtAi {A-^Y^ diT {A~^)'' VtAj] - 



Tp-l 



NVt{V{T)VdetAVtT) 



-'^^p-W \T)Vd^ 



JtJt + 2TTa'j^JM + ^TA%J^ 



2'Ka' 



r-^ — Oi 



NV{T)d,T {A-y ^/ditA ( JtJt + 27Ta'j^^JM + 



^i^y(T)VditA(— - ^)Jt 



y(T)Vdet AJt 



V 

y2VdetA 



di[djT [A-^y^/d^] 



+ 
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+ T:'^a''^Tl_^K^di[NJTdjT {A-y dk[V{T)diT (A^i)"" ^/d^ 



I ,^2J1 



p-1 



vra K T, 



2 d,\NJT\V'(T)d^T{K~y^fd^ + 



^^[NJT]V VdetA 



2 /2 2 2 o 



+ 



+ 2TT^a''^K^T^_^dk \di[NJT]Vd.jT {A 



diT (A-'f 



VdetA 



+ ... 



where " . . . " means terms that arise from the variation of the expressions J' Jm and 
TAf.JK We see that even in the flat background the equation of motion for tachyon is 
very complicated. 

Note that for the matrix A and its determinant are equal to 



, det A = V27ra'a/' 



(5.10) 



However the situation is much better when we recognize that for (^]^) the currents J 
vanish. In fact, J^^ vanishes since it contains derivative of Y and vanishes since 
contains anti-symmetrization of the matrix A that for the ansatz (5.5) is zero. Finally if 
we insert the ansatz ([5.5D into Jt we obtain 



27ra' 



y VV2^af' 



27ra'a2/'2 



(5.11) 



Further, as we argued above T>tT = and hence the first fourth lines vanish in the equation 
of motion for tachyon. Then however using the fact that J7t = we find that the variation 
of the potential term vanishes as well and hence the ansatz (^]^) solves the tachyon equation 
of motion. 

With analogy with familiar case of the tachyon kink in superstring theory |8(:] we 
interpret this solution as the stable non-relativistic D(p-l)-brane. To support further this 
claim we should study the dynamics of the fluctuations around this tachyon kink exactly 
in the same way as in |8H|. Explicitly, let us consider following ansatz for fluctuations 



A, 



T{a{x-t{x^))) , Y^^t,^) 
0, A^(t,x) =i«(t,x") , 



y*^(t,x°) 



(5.12) 



where x" = (x^, . . . ,x^~^). Then we should insert ( p. 12 ) to the equations of motion that 
follow from the variation of the action ( 3.19| ) and show that the equations of motion are 
obeyed on condition that Y^'\ Aa obey the equations of motion that follow from the vari- 
ation of the action ( ^.l| ) and hence their dynamics really describes D(p-l)-brane. However 
due to the complexity of the action ( |3.19| ) we do not proceed in this way. Instead we 
show that when we insert the ansatz (|5.12[) into ( 3. 191 ) we reproduce the non-relativistic 
D(p-l)-brane action. 



(5.9) 
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The structure of the action ( 3.19 ) allows further important simphfication. By con- 
struction the action ( |3.19| ) is invariant under fohation-preserving diffeomorphism. On the 
other hand we suggested the tachyon fluctuation ansatz in the form T = f{a{x — 
Then the invariance of the action suggest to interpret t as a parameter of diffeomorphism 
transformation and hence it is physically redundant and can be gauged away. Then it 
is natural to presume that the tachyon has the form T = f{a[x)). However this result 
simplifies the analysis considerably since then 



Inserting this result into the currents Jr, -Jm and J"^ we find 



and 



and 



J ^y^_ (2W)^ ^ vfVd^^, 

V Vyjdei A^^ det a 



= — da [dpYM (a~ ^ \/ det a] = Jm 
Vdeta 



_ 27ra' 
Vdets 



Using these results we easily obtain that 



(5.13) 



(5.14) 



(5.15) 



(5.16) 



Ck + Cp = Tp^i^/A^Vif{ax))iCK + Cp) . (5.17) 
Inserting this expression to the action for an unstable Dp-brane we obtain 

S = j dtdfxN{CK + Cp) = Tp^i j dxaf'{ax)V{fiax)) j dtdP-^xN{C'j^ + C$) = 

= Tp_2 J dtd'P-^xNiCi + £|l) , 

(5.18) 

where by presumption 

Tp-i j dxaf'{ax)V{af{x)) = rp_i / dmV{m) = Tp-_2 (5.19) 



is the tension of D(p-l)-brane. In other words we found that the action for fluctuation 
around the tachyon kink is the same as the action for non-relativistic D(p-l)-brane. 
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6. Conclusion 



Let us outline results derived in this paper. We found an action for stable and unstable 

p+1 dimensional system with anisotropic scaling that has the property that the potential is 
proportional to the variation of stable or unstable Euclidean Dp-brane action. We extended 
the symmetries of these p+1 dimensional theories in order to be invariant under foUiation 
preserving diffeomorphism and under space-time dependent gauge transformations. Then 
we developed the Hamiltonian formalism for these theories and we also studied the tachyon 
kink on the world- volume of p+1 dimensional unstable theory. We argued that the tachyon 
kink corresponds to the stable p dimensional non-relativistic theory. 

Even if it is an open question how these theories can be embedded into superstring 
theories we mean that they provide an interesting new class of non-relativistic theories that 
can be studied further. 
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